1. Introduction.-In a series of papers dating from 1956 (see ref. 1 for a complete bibliography), we have used the theory of invariant imbedding to derive a variety of nonlinear functional equations for the description of radiative transfer, neutron transport, diffusion and heat conduction, scattering and random walk, and wave propagation. In this paper we wish to present a new method for establishing the existence of solutions of these equations in the cases where no creation of matter is involved. This method is based upon the introduction of a new class of physically important functions, the dissipation functions. Combining these new functions with the functions we have repeatedly utilized in the past, the reflection and transmission functions, we easily obtain a basic conservation relation upon which all else hinges. The uniqueness proofs follow conventional lines.
It is, of course, essential for the rigorous formulation of the invariant imbedding approach to present these existence theorems. The results we present are, however, of deeper significance than mere rigor. In the first place, upon them we can found a new approach to the classical linear transport processes, one that is independent of characteristic values and spectral theory. In the second place, as Chandrasekhar2 points out, invariance principles cannot always be guaranteed to yield a unique description of a physical process. Consequently, it is essential for computational purposes to know that we have a guaranteed method of obtaining the physically meaningful solutions.
2. The Mathematical Model.-We wish to consider a particle process involving N types of particles traversing a homogeneous "rod" of length x. We suppose that when a particle of type j penetrates from either direction a segment of length A, then bijA incremental particles of type i are sent back in the opposite direction, bj > 0, fjjA particles disappear from the process, i.e., are "absorbed," and dijA additional particles of type i, i $ j, are sent through in the same direction. To conserve matter, djjA < 0 particles of type j are added to the original stream, where djj= -Zbj + Z di + f4 < 0, j = 1, 2, . . ., N.
(1) i i~j Here A is an infinitesimal and all expressions are to terms in o(A).
We wish to determine the number of particles in state i which are reflected, transmitted, and absorbed per unit time, when one particle of type j per unit time is incident upon the rod. Denote these quantities by rij(x), t2j(x), and lij(x) respectively, and introduce the N X N matrices R(
, and the diagonal matrix F = (fiia5j).
Using techniques we have repeatedly applied, cf. refs. 1, 3, we obtain the system of Riccati-type differential equations
It is this system of equations which we wish to discuss for all x > 0.
3. Physical Interpretation.-The differentiation of particles can be made on the basis of type, energy, wave length, angular direction, and so on. The "rod" can represent a one-dimensional rod, a slab, or generally a collection of strata, as in ref.
4. The foregoing is thus a model of radiative transfer, multiple scattering, and similar processes.
4. Conservation and Existence Theorem.-Our principal result is the following:
M(B + D + F) = 0O (2) where M is the N X N matrix whose first row is composed of ones and whose other elements are zeroes. Then: (a) The solution of (2.2) exists for all x > 0 and is unique. If we now establish the conservation relation of (4.3c), which asserts the uniform boundedness of rij(x), t1j(x), lij(x) over the interval [0, xo] , then standard techniques in the theory of nonlinear differential equations will permit us to assert the existence of the solution for all x > 0. As mentioned above, uniqueness follows readily.
We have, using the equations of (2.1), 6. Discussion.-In this paper, we have applied a new technique for establishing existence of. solutions, based upon conservation principles, to one class of problems.
In forthcoming papers, we will discuss more complex problems involving time-dependence, particle-particle interaction, and variable media. We shall also discuss uses in transmission line theory and wave propagation. 3Bellman, R., R. Kalaba, and G. M. Wing, "On the principle of invariant imbedding and neustron transport theory-I: one-dimensional case," J. Math. and Mech., 7, 149-162 (1958) .
4Bellman, R., R. Kalaba, and G. M. Wing, "Invariant imbedding and neutron transport theory-IV: generalized transport theory," J. Math. and Mech., 8, 575-584 (1959 Communicated by S. Chandrasekhar, April 6, 1960 1. Introduction. In a previous note,' we have shown how Richardson's law of turbulent dispersion can be derived from purely Lagrangian concepts by a slight extension of the concepts used in the theory of Brownian motion, without reference to the energy spectrum in an Eulerian analysis. The process of dispersion has been assumed to be isotropic in spacial orientation. In this note, we shall remove the assumption of isotropy so that the theory may be used as a basic framework for application to atmospheric turbulence in which the horizontal coefficient of dispersion may be many times larger than that in the vertical. This brings out even more clearly the contrast between the present treatment and those based on Kolmogoroff's theory in which the concept of local isotropy plays an essential role. The results obtained here also furnish more relations for observational verification. 2. The Basic Correlations.-We consider the relative motion of two particles released at the same point in a field of turbulent motion which is homogeneous but not isotropic. We then consider the statistical average over an ensemble of such pairs. Let xi(t) denote the relative displacement of a typical pair at time t, and vi(t) = xi(t), ai(t) = vi(t), where a dot denotes time differentiation. As before, we assume that the process is stationary in the sense that the forces acting on the particles may be described by a stationary random process. Thus, we assume a4(t')aj(t) = aij(r) = aij(-rT), (2.1) where T = t' -t; it follows that aij = aji. We attempt to describe the statistical behavior of a pair of such particles in terms of the correlations Vi(t) = vj(t)v,(t), X1i(t) = xj(t)x,(t). 
